Abstract-The addition theorems are applied to analyze the normal incidence of plane waves onto infinitely long conducting or dielectric circular cylinders with multilayer coatings made of common and uncommon materials (ε r , µ r , σ) with the objective of minimization and maximization of radar cross-section (RCS). TE, TM and circular polarizations of the incident wave are considered. Optimization of RCS by the method of least squares leads to the determination of layer thicknesses and the material complex permittivities and permeabilities. A sensitivity analysis of RCS with respect to the geometrical and material parameters of the multilayer coated conducting cylinder is also performed. It is observed that broadband reduction of RCS is mostly achievable by a combination of conventional materials (ε r , µ r > 1), and unconventional materials (0 < ε r , µ r < 1) and lossy materials (σ > 0). It is seen that RCS reduction is due to the diversion and dissipation of radar signals. The results agree very well with the experimental and theoretical data available in the literature.
INTRODUCTION
Radar systems have wide civilian and military applications, such as remote sensing, meteorology, medicine, radio wave propagation, surveillance, etc. The radar cross-section (RCS) of an object is a complicated function of observation angle, signal frequency and polarization, material and dimensions of the object. RCS may be determined by experimental measurement, but such a procedure may not be practical and applicable for all angles of observation and any object dimensions. Therefore, numerical electromagnetic techniques are required for the computation of RCS. The frequency spectrum for RCS is divided into three regions [1, 2] : (1) Low frequency or Rayleigh region, where the object dimensions are much smaller than the wavelengths, which is attributed by its own approximation leading to the RCS being proportional to the fourth power of frequency; (2) High frequency region (or visible light), where the object dimensions are much larger than the wavelengths and high frequency techniques are successfully used for the computation of RCS, such as geometric optics (GO), physical optics (PO), geometrical theory of diffraction (GTD), uniform theory of diffraction (UTD), etc; (3) The middle frequency region or resonance region, where the object dimensions are comparable with the wavelengths and the common low frequency and high frequency approximations are not applicable. Several methods are developed for the computation of reflection coefficient and RCS of various structures [3] [4] [5] [6] . Computation of radar cross-section in the middle frequency range requires the application of full-wave numerical techniques, such as MoM, FDTD, TLM, FEM, etc.
Several studies have been performed for the analysis of electromagnetic and optical scattering of layered cylinders composed of isotropic and anisotropic materials and also arrays of such structures in various configurations [7] [8] [9] [10] [11] .
In this paper, we employ the fullwave theory of addition theorems for the computation of RCS for multilayered circular cylindrical objects [12] [13] [14] [15] [16] [17] [18] . The reduction of an object RCS is of interest in military and electronic warefare, which may be realized by different techniques: (1) object shaping, (2) discrete loading, (3) continuous loading, and (4) active loading. In this paper we consider the third method, which entails the usage of radar absorbing materials (RAM). Electromagnetic absorbing materials are used widely in anechoic chambers, antenna designs with low side lobe levels, electromagnetic interference protection in high speed circuits, etc. [19] [20] [21] .
The design of RAM structures for reduction of RCS may be performed at a single frequency or a narrow bandwidth by Salisbury plates and Dallenbach layers, having thicknesses of a quarter wavelength [22] . To obtain wideband designs, multilayered structures are required. Although theoretical studies for the evaluation of RCS of planar structures have been extensively performed, more efforts are required in this area for other structures, such as cylinders, ellipses, spheres, wedges, cones, and their combinations.
In this paper, the computation of RCS for multilayered cylindrical objects is considered, where the number of dielectric cylindrical layers may be arbitrary. Normal plane wave incidence and both TE and TM and circular polarizations are considered. The addition theorems are employed to expand the fields as cylindrical wave functions inside the layers and outside in free space. The numerical procedure can handle any radius of inner cylinder, any number of layers with arbitrary thicknesses, any lossless or lossy dielectric materials, arbitrary frequency bandwidth, consideration of dispersion relations and dielectric or conducting inner core cylinder.
The present study indicates several conclusions for the optimization of RCS as regards the value of permittivity and permeability of cylindrical layers, thickness of layers, frequency dependence, incident wave polarization, lossless and lossy dielectrics, etc.
The method of least squares is employed to optimize the RCS,for which the Genetic Algorithms are mainly used.
At first the numerical procedure is described and then several examples and related conclusions are presented. Fig. 1 shows an infinitely long conducting or dielectric circular cylinder of radius 'r 1 ' with its axis coincident with the z axis. There are several coaxial cylindrical dielectric layers with radii 'r 2 ', 'r 3 ',.... The structure is placed in free space (ε 0 , µ 0 ) and the time dependence is assumed as e −jwt . A TE (with E z = 0) or TM (with H z = 0) polarized plane wave is normally incident on the multilayered cylindrical structure. The field components in cylindrical coordinates may be expressed in terms of the electric and magnetic Hertzian potentials (Π z , Π mz ) for the TM and TE modes, respectively, as [23] :
NUMERICAL PROCEDURE
where K = w √ µε is the wave number.
The incident plane wave may be described in terms of the sum of cylindrical waves by using the addition theorem.
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where K 0 and η 0 are the wave number and intrinsic impedance of free space and ϕ 0 indicates the direction of incident wave. Then, the scattered fields may also be written as a sum of cylindrical waves:
where A ns and B ns are the unknown wave amplitudes, which may be determined by the boundary conditions. Now the field distribution in the l'th layer may be expressed as:
where K l and η l are the wave number and intrinsic impedance in the l'th layer, respectively; and where C nl , D nl , R nl and S nl are the unknown TM and TE wave amplitudes, which are determined by the imposition of boundary conditions and finally lead to the computation of electric and magnetic fields in the cylindrical layers. In case the inner cylinder of radius 'r 1 ' is made of perfect electric conductor (PEC), the fields inside it (r < r 1 ) are zero and in case it is made of dielectric material,the wave amplitudes 'D nl ', 'S nl ' inside it (r < r 1 ), will be zero,due to the singularity of Y n (K l r) at r = 0. Now, the continuity of tangential field components on the cylindrical boundaries at r = r 2 , r 3 ,... and the vanishing of tangential electric field on the conducting surface at r = r 1 will lead to a set of linear equations in terms of the unknown mode coefficients. In case the inner cylinder with radius 'r 1 ' is made of dielectric material, the boundary conditions are the continuity of tangential field components on the surface r = r 1 , which lead to a different set of linear equations for the mode amplitudes.
An expression for RCS may be obtained by using the large argument approximations of Hankle functions in the definition of RCS and eqs. (8) and (9) [24] .
which is the normalized bistatic RCS. For the monostatic case, we use ϕ 0 = 0 and ϕ = π.
NUMERICAL RESULTS
Several examples of optimization of RCS are considered below.
Example 1: RCS of a dielectric cylinder with a dielectric cylindrical coating
Consider a cylindrical dielectric shell with inner radius r 1 = 0.25λ and outer radius r 2 = 0.3λ with characteristics 'ε r = 4, µ r = 1'. The inner cylinder with radius 'r 1 ' is filled with air with 'ε r = 1, µ r = 1'. A TE or TM polarized plane wave is normally incident on the shell. This problem is solved in [25] by the Integral Equation Method and in [26] by the Eigenfunction Expansion Method. The RCS (σ/λ) of this structure obtained by the proposed method of addition theorems and those computed by the methods in [25] and [26] agree very well as depicted in Fig. 2 for the angle of observation from 'ϕ = 0 to ϕ = π' for both TE and TM polarizations.
In the following examples, we consider the computation of RCS of conducting cylinders coated with several layers of dielectric materials. Examples of such structures may be the posts on ship decks.
Example 2: RCS of a conducting cylinder with a dielectric coating
Consider a conducting cylinder of radius r 1 = 4.71 (mm) with a dielectric coating of ε r = 2.54 having thickness 'r 2 −r 1 '. The frequency is f = 9.57 GHz with the wave number in free space (K 0 = 200) and that in the dielectric (K 1 ). The normalized RCS (namely σ/λ 0 ) is computed and plotted versus (K 1 r 2 ) at a single frequency in Fig. 3 , and compared with the experimental results in [27] .
Another example is shown in Fig. 4 , where its data are given in the caption. Excellent agreement may be seen between the RCS computation by the proposed method and the measurement data in [27] . For the optimization of RCS, the method of least squares is used [28] . The specified frequency bandwidth is divided into n f discrete frequencies. Then an error function is constructed as:
where c i is the desired value of RCS at frequency f i . If our objective is to minimize RCS equally at all frequencies, then c i = 0. W i is the weighting function for frequency f i , which strengthens or weakens the corresponding term with respect to the other terms.
In the following examples, several parameters are kept the same, such as the radius of inner conducting cylinder which is kept constant at r 1 = 50 mm, number of modes N = 50, bandwidth f 1 = 1 GHz to f 2 = 10 GHz, number of discrete frequencies n f = 70.
The thickness of layers is constrained between 0.1 mm and 30 mm. The values of relative permittivity and permeability are constrained between 1 and 30 in several examples and between 0.01 and 30 in other examples.
The radius of inner PEC cylinder is kept constant but the thickness (t) of layers and their permittivity (ε) and permeability (µ) are allowed to vary in the optimization procedure to arrive at the optimum RCS.
The optimum values of t, ε and µ are determined after several runs of the Genetic Algorithm on the main program of RCS. We consider one layer and two layer dielectric coatings. . Normalized RCS of a coated conducting cylinder (r 1 = 50 mm) for TE polarization for the three cases specified in example 3.
It is observed that RCS of PEC cylinder with coating becomes very oscillatory and at some frequencies increases sharply. Consequently, it seems that in this case dielectric coating is useless for reduction of RCS. However, the minimum value of error function as the sum of squares of RCS over the frequency bandwidth remains the same, although the coating characteristics differ. It is seen that the magnetic coating is thinner than the nonmagnetic one for the minimization of RCS.
It is possible to significantly reduce RCS at a single frequency by the application of coating. For example, at f = 10 GHz, no coating: The scale for RCS is logarithmic (10 log σ λ ) to better show the value of RCS and its reduction through minimization. It is seen that 
It is seen that reduction of RCS for TM polarization is not possible in a wide frequency bandwidth by the application of one layer material coating. However, reduction of RCS is achieved at a single frequency or a narrow bandwidth. For example, at f = 5 GHz Figure 8 . Normalized RCS of a coated conducting cylinder (r 1 = 50 mm) and (0 < ε r < 1) for TM polarization for the three cases specified in example 6. The variation of RCS versus frequency is shown in Fig. 9 . It is seen that RCS is reduced at f = 5 GHz, but at the expense of its increase at other frequencies. 
Sensitivity of RCS with respect to parameters t, ε r and µ r
Consider the optimum case in Fig. 7 for TE polarization and t = 27 (mm). Now consider the same values for ε r and µ r , but change the coating thickness by about ±10%. Values of RCS are drawn for t = 24 (mm) and t = 30 (mm) in Fig. 10 . It is observed that RCS changes drastically and it is very sensitive to coating thickness for TE polarization.
Then consider the optimum case in Fig. 8 . For TM polarization the values of RCS are computed for coating thicknesses t = 0.1, 0.5, 0.9, 2.5 (mm) and drawn versus frequency in Fig. 11 . It is seen that RCS is quite insensitive to coating thicknesses, which is due to the fact that the coating material is lossless and that the electric field component is parallel to the axis of conducting cylinder.
Next, we study the sensitivity of RCS with respect to permittivity (ε r ) of coating material. Consider the optimum case of TE polarization with ε r = 0.0852 in Fig. 7 and change ε r by about ±10%. The values of RCS are drawn in Fig. 12 for ε r = 0.1, ε r = 0.065 and ε r = 0.0852, which show its high sensitivity to ε r . Now, consider the optimum case for TM polarization with ε r = 0.15 in Fig. 8 . The values of RCS are drawn in Fig. 13 for ε r = 0.03, 0.15, 0.27 and 1.5, which show its very low sensitivity to ε r .
The sensitivity of RCS with respect to the values of µ r (for TE and TM polarizations of incident wave) is similar to that of ε r . It is observed that common materials ε r , µ r > 1 are not effective in reducing RCS. However, special materials (ε r < 1, µ r < 1 or µ r > 1) are capable of drastically reducing RCS.
Example 8 : Reduction of RCS due to a conducting cylinder (r 1 =50 mm) with two coating layers with TM polarization
Again, reduction of RCS is not possible by common materials. However, materials with 0 < ε r , µ r < 1 achieve this objective. 
The above examples have used lossless dielectrics, which lead to the reduction of RCS not by electromagnetic energy losses but through its diversion towards other directions than the transmitting antenna. Figure 14 . Normalized RCS (in dB scale) of a two layer coated conducting cylinder (r 1 = 50 mm) for TE polarization in the three cases specified in example 7. The polar plot of normalized RCS is drawn in Fig. 16 , for the optimum case of a conducting cylinder (radius r 1 = 50 mm) with two layers of coating with TE polarization.
It is seen that backward scattering is minimized but the transmitted signal energy is directed towards forward scattering.
The proposed method may be used to compute RCS of the coated conducting cylinder in any direction and optimize it. Example 9: Maximizing RCS of a conducting cylinder (r 1 = 50 mm) with two coating layers with TE polarization There may be occasions to increase the RCS of an object, such as recreational ships and trackable objects. For example, RCS of a cylinder with no coating and its maximum and minimum RCS's with two layers of coating are drawn in Fig. 17 versus frequency. 
minimum RCS
first layer, t 1 = 11.2 (mm), ε r 1 = 0.0414, µ r 1 = 0.1296 second layer, t 2 = 0.4 (mm), ε r 2 = 3.5764, µ r 2 = 1.3639 (22) maximum RCS first layer, t 1 = 28.9 (mm), ε r 1 = 12.6683, µ r 1 = 0.1746 second layer, t 2 = 0.108 (mm), ε r 2 = 11.0558, µ r 2 = 25.4616 (23) The variation of maximum RCS is very oscillatory. The polar plot of maximum RCS is shown in Fig. 18 , where the backscattered wave is relatively high. The curve of maximum RCS for coated cylinder is generally above that of the uncoated cylinder, except at two frequencies 1.918 GHz and 8.6 GHz. Now, we consider lossy materials for coating layers by assuming complex permittivity and permeability. We observed that common lossless materials (with ε r , µ r > 1) are not effective for reduction of RCS. However, for comparison we use here complex ε and µ, with real parts greater than unity. Here frequency dispersion is ignored. The minimum values of RCS are drawn in Fig. 20 , for a cylinder with no coating and with a single layer of coating:
a : no coating b : with lossy coating: t 1 = 28.7 (mm), ε r 1 = 6.2955 + j1.697, µ r 1 = 7.106 + j1.615 c : with lossless coating: t 1 = 28.7 (mm), ε r 1 = 6.2955, µ r 1 = 7.106 (28) For comparison the values of RCS are also computed for the above parameters, but taking only the real parts of ε r and µ r . It is seen that lossy dielectric coatings drastically decrease RCS.
Example 12: Reduction of RCS of a conducting cylinder (r 1 =50 mm) with a layer of lossy coating for TM polarization As it was seen before, reduction of RCS for TM polarization was not possible by common lossless materials (for both ε r and µ r greater or smaller than unity). Therefor, we consider lossy materials for the (29) Again, if the imaginary parts of ε r and µ r are ignored, no reduction of RCS is observed by applying the coating. As the thickness of lossy layer of coating increases, its dissipation also increases which leads to the attenuation of the reflected waves. Accordingly, the thickness of the lossy layer is fixed at t = 5 (mm) and RCS is minimized and drawn in Fig. 21 . 
It is seen that the RCS curve for thin coating is located above that of the optimum case.
3-D diagrams
In order to observe the complication of optimization processes, the RCS is drawn at a single frequency as the function of ε r and µ r . For example, consider the conducting cylinder of radius r 1 = 50 (mm) with one lossless layer of thickness t = 1 (mm), at frequency f = 5( GHz) and TE polarization. The values of RCS are drawn versus values of ε r and µ r in Fig. 22 . 
Incident plane wave with circular polarization
Now, we consider the normal incidence of a circularly polarized plane wave on to a conducting cylinder having several layers of dielectric material. We would like to minimize its RCS. Consider the circularly polarized plane wave [29] :
where signs + and − indicate right-handed and left-handed polarized plane waves, respectively, which are composed of TE and TM modes. Since the reflection amplitudes of TE and TM modes are different the reflected wave will generally have elliptic polarization. That is,
The radar cross-section(RCS) of two dimensional structures is calculated by
However, we have
We may recall that TE and TM polarizations are completely decoupled for normal plane wave incidence on a multilayered conducting cylinder. Therefore, they may be analyzed separately and the resultant reflected wave may be obtained as the superposition of the individual cases. Consequently, RCS may be computed by eq. (33). RCS is drawn in Fig. 24 , for TE (d), TM (c), and circularly polarized plane waves (b) and also for the case of no coating for circularly polarized plane wave (a). As expected, the RCS curve for TM polarization (with coating) is close to that of the case with no coating, and also that of the circular polarization is relatively close to them. However, in comparison, reduction of RCS for TE polarization with coating is quite evident. polarized plane wave (a) in Fig. 25 The RCS curve for circular polarization lies between those of TE and TM polarizations.
Example 15: Reduction of RCS of a conducting cylinder (r 1 =50 mm) with a layer of lossy coating for circular polarization Here the same problem as example 13 is considered, but the single coating layer is assumed to be lossy. The minimization of RCS leads to the following parameters:
For comparison, in Fig. 26 , RCS curves are drawn for TE (d), TM (c) and circular polarizations (b) and also for the case of no coating for circularly polarized plane wave (a). It is observed that the minimization of RCS leads to the same values for TE, TM and circular polarizations at high frequencies. However, circular polarization is commonly used for radar applications. For thin cylinders, the value of RCS is very small for TE polarization and any reflections from the thin cylinders are mainly due to the TM polarized waves. 
CONCLUSIONS
In this paper, the addition theorems are applied to analyze normal incidence of plane waves onto infinitely long dielectric layered cylinders. Particularly, uncoated conducting cylinders and one and two layers of dielectric coatings have been considered. TE, TM and circularly polarized normally incident plane waves were considered. The main objectives have been to minimize or maximize the radar cross-section (RCS) by the method of least squares. Since electromagnetic scattering is highly dependent on frequency, it has been observed that reduction of RCS may not be achievable in a wide frequency bandwidth by using solely common dielectric materials, (with ε r , µ r > 1), whereas a combination of common dielectrics and unconventional materials (with 0 < ε r , µ r < 1) are required for coatings to minimize RCS. For TE polarization, one dielectric coating layer may be sufficient. However, for TM polarization, one layer (with any value of ε r and µ r ) may not be adequate and two or more coating layers are required. In these cases, the reduction of RCS in the direction of transmitters is achieved mainly by diverting the reflected wave towards other directions application of materials (with ε r , µ r > 1) may lead to the reduction of RCS in a narrow frequency bandwidth or at a single frequency, but it can not do so in a broad frequency bandwidth. In general, reduction of RCS at a frequency may lead to the increase of RCS at other frequencies. The sensitivity of RCS with respect to the variation of parameters, such as layer thicknesses, permittivities and permeabilities is drastic for the TM polarization than for the TE polarization. As the thicknesses of dielectric layers increase, the rate of variation of RCS with respect to the variations of ε and µ becomes more intense.
In the cases where the dielectric layers are lossless, the reduction of RCS in a particular direction is mainly due to the diversion of electromagnetic ways towards other directions than that of the transmitter. Evidently, RCS may be reduced by using lossy dielectric coatings, which leads to the absorption of radar signal energy in the object. On the contrary, it has been shown that maximization of RCS is also possible by designing dielectric coating layers on the cylindrical core.
Reduction of RCS for circular polarization is actually achieved by its reduction for both TE and TM linear polarizations. Consequently the reduction of RCS for circular polarization is quite hard. Thus, radars usually use circularly polarized signals. The dispersion relations for lossy dielectrics, lossy magnetics, relaxation type magnetics, etc. may readily be incorporated in the formulations and numerical procedure to better model the RCS reduction. It has been observed that relaxation type magnetics are more effective in reducing RCS. Figs. 22 and 23 show that RCS of the multilayerd cylindrical structure is a complicated function of permittivity, permeability, thickness and radius of cylindrical shells in the frequency spectrum. However, such relationships are even more complicated in the middle frequency band(relative to the dimensions of the cylindrical structure).
